A method is suggested for treating the general pairing problem in a finite Fermi-system without violating the particle number conservation. The operator equations of motion are brought to the form of the recurrence relations with respect to the particle number. Simple algorithms for practical solution are shown. The results reproduce the exactly solvable models and consistently display an advantage compared to the conventional BCS solution.
Pairing correlations play an important role in nuclear structure determining an essential contribution to binding energy, odd-even effects, single-particle occupancies, quasiparticle excitation spectrum, radiation and beta-decay probabilities, transfer reaction amplitudes, low-lying collective modes and moments of inertia [1] [2] [3] . The revival of interest to pairing correlations is related to studies of nuclei far from stability and predictions of exotic pairing modes [4] . Metal clusters, organic molecules and Fullerenes give another example of finite Fermi systems with possibilities of pairing correlations of superconducting type [5] .
The conventional description of pairing in small systems usually employs the classical BCS [6] approach used in theory of superconductivity. This approximate solution has a very good accuracy for large systems and becomes exact in the asymptotic limit [7] . The major drawback of the BCS is the violation of particle number conservation, which gives rise to deviations from the exact solutions for small systems. Various ideas were suggested to correct this deficiency, such as the direct particle projection technique [8] , number projection mean-field methods [9, 10] , statistical description [11] , and taking into account the residual parts of the Hamiltonian in the random phase approximation [12] . These methods have found only a limited number of practical applications; for some approaches the obtained results did not manifest the desired accuracy whereas for other methods the complications turn out to be almost on the same scale as for the exact solution by diagonalization. The Richardson method, described in the series of papers [13] [14] [15] [16] , provides a formally exact way of solving the pairing Hamiltonian with a constant effective pairing force. This method reduces the large-scale diagonalization of a many-body Hamiltonian in truncated Hilbert space to a set of coupled equations of a dimension equal to the number of valence particles. Recently, exact solutions have been approached by introducing sophisticated mathematical tools such as infinite-dimensional algebras [17] . Nevertheless the numerical complications currently limit the scope of applicability and the need for a good approximate theory still persists, especially because it can provide us with a convenient basis for calculating the effects of other parts of the residual interaction.
The goal of this paper is to present a particle conserving variational approximate solution that is formulated in the form of a recurrence relation in the number of particles N. For each step it is required to solve equations for only two variables, energy gap and chemical potential, as a function of the exact particle number, and thus even for large N the numerical procedure is quite fast. By making additional approximations this solution can be reduced to the BCS. The idea of the method goes back to the old paper [18] where the set of exact operator equations of motion was formulated by introducing the gauge angle conjugate to the particle number as a collective variable. In discrete space the corresponding equations are of recurrent type; the method was applied to the so-called pairing rotations (a systematic change of pair separation energy). Below we construct an algorithm for the solution of recurrence relations derived from operator equations of motion with exact particle number conservation at each stage. In the well known degenerate model the solution coincides with
Instead of introducing the condensate of the pairs with an uncertain particle number, we make a physically similar splitting of nonlinear terms in the equations of motion that does not violate the conservation law and keeps the N-dependence intact. Our variational approximation can be formulated as truncation of the full Hilbert space to that spanned by the seniority 0 even ground states and seniority 1 states in odd-N nuclei. Thus, the step beyond the BCS is only in exact particle number treatment. The matrix elements in equations of motion are disentangled by neglecting the seniority 2 admixtures in even nuclei, for example
In this approximation the equations of motion (5) and (6) give
It is convenient to introduce, instead of E(N − 2) and E(N − 1; ν), the chemical potential µ(N) and quasiparticle energies e ν (N) according to
Then we obtain the following simple set of equations:
where N is even, and we use the modified single-particle energies
With time reversal invariance, we have uν = u ν and vν = v ν . The nontrivial solution of the set (12, 13) determines the BCS-like spectrum of quasiparticle excitations for each particle number N ,
On the same level of our variational approximation
and the fermionic anticommutation relations
Finally Eqs. (13, 17) result in the recursion relation connecting adjacent even nuclei,
Taking into account Eq. (16) and summing over all Ω single-particle states, we obtain
The gap defined in Eq. (4) is subject to the self-consistency condition
The pairing problem formulated in this manner allows a recursive solution in both directions, starting from an empty shell or from a completely filled shell. For example, going down from the completely filled shell with the occupation numbers |v ν (Ω)| 2 = 1 by solving Eqs. (19) and (20), the values of µ(Ω) and ∆ ν (Ω) can be found which in turn determine the next set of |v ν (Ω − 2)| 2 via Eq. (18) . Similar equations in terms of the amplitudes u ν (N) are suitable for the recursive solution climbing up from an empty shell. The particle-hole symmetry with respect to the interchange of u and v with the additional change of sign of the chemical potential and the appropriate level reordering states the equivalence of both directions in the recursive solution and provides a good check. Below we give a number of examples.
1. The BCS limit means that the N-dependence is ignored in Eq. (18) assuming that
and similarly for u ν . This allows us to solve the equations in a standard way,
There is some ambiguity in the choice of the argumentN in equations (21). UsuallyN = N is assumed, which makes a better agreement for the less than a half-filled shell, but with the assumptions made there it should be no difference ifN = N − 2 . The presence of a difference is related to the particle number nonconservation in BCS theory. Generally, in the region of good applicability of BCS, N 1, the exact choice of the argumentN has no effect. It turns out that the BCS works best with the interpolating choice ofN = N − 1. This will be confirmed below for particular cases. Eqs. (20) and (21) lead to a conventional form of the BCS gap equation
2. The degenerate model [19] assumes that all single-particle levels have the same energy , and the coupling strength G νν = G is independent of ν, ν . This model is exactly solvable in terms of the pseudospin SU(2) group and thus provides a good testing ground. We assume that = G/2 and therefore ξ ν (N) = −µ(N) according to (14) . This makes the summation in Eqs. (19) and (20) trivial:
These equations can be easily solved to give
and the occupancies are independent of ν,
These results coincide with the exact solution.
In the BCS solution for the degenerate model, the occupation probabilities coincide with the exact values (27), whereas the gap and the chemical potential are given by
respectively. As discussed before,N is defined approximately within the values of N and N −2. The considerable improvement to the BCS with a small number of particles is reached ifN is chosen as an average value,N = N − 1 . With this choice, the chemical potential becomes exact, and the square of the gap is shifted by a constant from its exact value. The ground state energy of the system is yet another sensitive test for the validity of any approximation. In the recursive algorithm following the definition in Eq. (11), energy of even-N ground states is given as a discrete integral of the chemical potential,
This result has to agree with the standard evaluation of the ground state expectation value of the Hamiltonian with the intermediate states of seniority 0 and 1,
For the degenerate model the particle conserving solution is exact and therefore it is not surprising that Eqs. (30) and (31) agree exactly providing the exact value of energy
In general for all models we have tested, a very good agreement was observed between both methods of calculating E(N) within the particle conserving recursive algorithm. Still, the first way that utilizes Eq. (30) is preferable as it guarantees exact values at the boundaries (empty and completely filled shell). The BCS solution does not ensure the agreement between the different methods of calculating E(N) and the exact value. In the degenerate model, the evaluation of energy according Eq. (30) gives
while the second method with Eq. (31) leads to
and finally these are to be compared with Eq. (32). The chemical potential method gives an exact result for the BCS corrected by the choice ofN = N − 1 , but the results of the second method always differ considerably from the exact answer. The fact that the ground state energy found in the BCS could be smaller than the actual value points out a non-variational nature of the BCS (or rather super-variational since the classes of states with different N are mixed in the trial function) that can result in uncontrollable errors. The proposed recursive solution is variational, and resulting ground state energy is always greater than the exact value.
3. An equidistant model. Here we consider a model of six double-fold Kramersdegenerate levels (the total space capacity is Ω = 12) with equidistant energies of = 0, 1, . . . 5. The coupling amplitudes G νν are chosen to be independent of ν and ν . The choice of this model was made almost at random, and the results are typical for a sufficiently small system, where the exact diagonalization is possible, and the error due to the particle non-conservation in the BCS might be significant.
For comparison, we first consider ground state energies obtained in the particle conserving solution, BCS and by exact numerical diagonalization. In both approximate solutions ground state energy may be found by two different means, Eqs. (30) or (31), that may not necessarily agree, which would signal poor quality of an approximation. In the exact numerical solution, ground state energy is given by the lowest eigenvalue of the Hamiltonian matrix. In the largest case of the half-filled shell, N = 6, the matrix has a dimension 924 . The numerical results are given in Fig. 1 for strong pairing, G = 5, upper part, and for G = 1, lower part. In both cases, the results exhibit a similar trend. The four curves that correspond to exact solution, two ways of calculating energy with the particle conserving algorithm, and the BCS result corrected by the choiceN = N − 1 with Eq. (30), agree very well so that they can hardly be distinguished. A separate dashed line that represents a BCS calculation through the gap equation (31) is considerably shifted up. For the recursive algorithm the largest errors occur at the edges of the occupation. This is also clear from a direct analysis of Eqs. (9) and (10). The quality of approximations can be also seen from Fig. 2 , where the deviation of the chemical potential is shown for the particle conserving solution and the corrected BCS. 
4.
A realistic example. The chain of tin isotopes, 100−132 Sn, provides a good place to apply the pairing problem. The outer major neutron shell in these nuclei contains five single-particle j-levels of total capacity Ω = 32 . The energies ν of these levels, see [20] , slightly depend on the number of particles due to the presence of other parts of the residual interaction. For the pairing problem, we assume them to be constant and equal to ( Fig.  3 upper and lower panels display, respectively, the dependence of the gap and ground state energy (relative to the case with no pairing) as a function of the particle number in even-N systems. The BCS withN = N + 1 is in a good agreement with the particle conserving solution for the ground state energy ("µ-method" of Eq. (30)). A similarly good agreement is observed for the occupancies of single-particle orbitals calculated for the 116 Sn isotope. However, the BCS and our results differ considerably for the calculation of the gap, upper part of Fig. 3, and for the values of e ν (N) , Fig. 4 , that represent the spectrum of broken pairs. As a conclusion, we suggest and test by a number of models the variational method of solving the pairing problem with the exact conservation of the particle number. Being a generalization of the conventional BCS approach, the method reduces to the recursive solution of equations for the energy gap and the chemical potential as functions of the total particle number. The results are in a good agreement with the exact solutions in all considered cases. The BCS value of the ground state energy in even-N systems can be improved by the interpolating the particle number and using for calculation the integration of the chemical potential instead of the expectation value of the hamiltonian. However, the approach suggested in the present work has an advantage of providing more precise values of the energy gap and quasiparticle energies.
The practical merits of the new technique are in its relative computational simplicity and broad applicability. There is no restrictions for the type of single-particle spectrum or pairing matrix elements; extension to other pairing modes or/and the presence of time reversal nonivariant forces is also possible. The method can be incorporated in the self-consistent scheme of the HFB approach taking into account on equal footing non-pairing components of the residual interaction. We expect the importance of exact particle number conservation to increase for the description of soft nuclei where the static mean field is unstable, high order effects play a crucial role, and the nuclear spectra reveal a stronger N-dependence. It would be interesting to proceed beyond the present BCS-like approximation and include explicitly the states of higher seniority.
